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A HAUSDORFF MEASURE INEQUALITY

BY

LAWRENCE R. ERNSTÍ1) AND GERALD FREILICH

ABSTRACT . We prove that the Hausdorff (m + fc)-measure of a product

set is no less than the product of the Hausdorff m-measure of the (measurable)

first component set in Rm and the (finite) Hausdorff k-measure of the second

component in Rn.

1. Introduction. We study the relationship between the Hausdorff measure

of product sets and the Hausdorff measures of their components. It is proven in

[3, 2.10.45] that-if VCR" with Hk(V) < «>, then there exists a real number c

such that Hm+k(U x V) - cHm(U)Hk(V) for every Hm-measurable subset U of

Rm, where f/f denotes Hausdorff /-dimensional measure. (Note that in Rm, Hm

reduces to Lebesgue /«-dimensional measure, Lm.) It is known that c = 1 if V

is fc-rectifiable [3, 3.2.23], and that c > 1 for some V [1], [4].

In [3, 2.10.46] the question was posed whether there exists V for which

c < 1. In this paper we present a negative answer to that question. This general

result, Theorem 3.6, follows easily from Theorem 3.5 which is the special case

when wi = 1, V is a Borel set and U = [0, 1]. The proof of Theorem 3.5 depends

on our method of obtaining the measure of the product set; specifically we apply

a Hausdorff gauge construction using coverings consisting of sets having a useful

symmetry property (Theorem 3.4).

The authors wish to thank the referee for several suggestions, particularly

the improvement of Lemma 3.2.

2. Preliminaries. In general we adopt the notation and terminology of [3].

Presented in this section is additional notation that we use.

Throughout this paper A: is a nonnegative real number and r = k + 1, A is

a Borel subset of R" with Hk(A) < « 7 = {x: 0 < x < 1} and E = 7 x A.

Let p: R x R" —► R, q: R x R" —*■ R", p(x, y) = x, q(x, y)=yfoTxE
R,yERn.

For S a subset of some metric space, / a nonnegative real number let

h'(S) = a(02~'(diam 5)' = [r(l/2)7r(f/2 + 1)] 2~f(diam S)f
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if S =£ 0, and h\ç&) = 0.  This is the gauge function used in defining H*

[3, 2.10.2].  Also let \(S, t) denote the family of all countable coverings of 5

consisting of nonempty sets of diameter not exceeding f.

For 5 C R x R", a E R x R" define £(5, a) = S n q'1 {q(a)}.

Finally let Í2 denote the family of all nonempty subsets D of E such that

diam D < °°, D is closed in E, and D is symmetric with respect to

p-l{[mfp(D) + sapp(D)]l2}.

3.  Principal results.

3.1. Lemma. If D is Hr-measurable, D C C C E, °° > e > 0, 6 > 0, and

2seF/7r(5) > ff(0 - e /ör a// F G X(C, 6), Men 2seiy Ar(5) > Hr(D) - e for

all W G \(D, 5).

Proof. For any ex > 0, choose K E X(C ~ D, 8) satisfying ̂ s&Khr(S) <

ff(C ~D)+ex, Then IV U K E X(C, 8) for all W E X(D. 8). Consequently

£   h\S)>    £    hr(S)- Z A'-(5)>Hr(/))-e-eI.
se iv sewvK sbk

3.2. Lemma. //5 is a bounded W-measurable subset ofRxA,\ER and

o(S) is the Steiner symmetrization of S with respect to p-1(X) [3, 2.10.30], then

o(S) is W-measurable and W(S) = W\o(S)\.

Proof. Let

* = {5 C R x R": 5 is bounded, (R x A) D 5 and a[(R x A) n 5]

are //-measurable, ff[(R x A) n 5] = ff(o[(R x yl) n 5])}.

The proof consists of four parts.

Part 1.  lfB¡ is an open ball in R x R" for / = 1, . . . ,/, thenlJ^iÄi G *.

Proof.    For each B¡, the functions supp(Ç[5/( (X, x)]) and

inf p(|[5(., (X, *)]) are uniformly continuous for x E q(B¡). It follows that if

e> 0 and/? = (R x A) n U{=,5(-, there is a 5 > 0 for which/) C/l and

diamD <8 implies

H1 [U POP, (a, *)]) - PI pim (X, *)])] < e.
[xSD x&D J

If we take a Borel partition F of A such that diam D < 8 for all D E F, then

[3, 2.10.45] implies

\Hr(B) - Hr[o(B)} K e • a(r)[o<*)]-12<''-2>/2Hm

To conclude the proof we let e approach zero.

Part 2. If S¡ E<b,StC 5/+ x for / = 1,2,... and the 5, are uniformly bounded,

thenU," i^G*.
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Proof. For p > 1, let fp be the Lipschitzian mapping (x + X, y) E R x

R" -*(px + \y). Then Hr\fp(X)] < prHr(X) for all X C R x R". Since

Ü a[(R x A) n S.]C o (R x A) n U S,   C /J U  o[(R x yl) n 5,] J

for all p > 1, we conclude that

fi"/ Ù a[(R x .4) n 5,] J = ff (a (R x ,4) n U 5,1 J.

Furthermore, since U/LiO"[(R x A) n 5,] is ff-measurable, so is

a[(R xA)r\\J¡LxS,]. Finally

ff (R x A) n Ü   S¡ \ = Urn ff [(R x A) n S¡] = lim Hr(a[(R x A) n 5,])

= Hr( 0 o[(R x A) n s,] )=Hr(o \(R xA)n\J sA I

Part 3. US¡ E *, S¡ is a Borel set, 5, D 51+1 for / « 1, 2.then

Proof.  Since

Ó o[(R x A) n 5.]
/=i

= o|(R x A) n   OS,   U    {MmIO o[(R x ,4) 05,] j

we see that a[(R x A) n C\~-x S¡] is ff-measurable and that

ff \(R x A) n fi S,   = lim ff [(R x ¿) n 5J
L f=i   J   *—

= lim ff(o[(R x A) n 5,]) = Hr(o\(R x A) n fl 5,   J.

Pari 4. If 5 is a bounded ff-measurable subset of R x A, then 5 E 3>.

Proof. By Parts 1, 2 and 3, we see that bounded open, Gs- and G6a-sets

are in Í». Now we may choose bounded G5„-setsSx and 52 so that S2 CSC

Sx and ff(52) = W(5) = Hr(Sx). Then o(52) C o(5) C a[(R x A) n 5X] and

therefore

ffC^) = Hr[o(S2)) < ff[o(5)] < ff(o[(R x A) n 5,])

= fi'[(R^)ns1]=(f'(s2).
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It follows that Hr(S) - Hr[o(S)] and that o(S) is ff-measurable.

Remark.  It is easy to extend Lemma 3.2 to unbounded sets.

3.3. Lemma. Ifn > 0, 6 > 0, B C E, Hr(B) >0andE~B = \jQ for

some finite subset Q of Í2, then there exists G E X(UC, 8) such that Uc C B,

G is a finite subset of £2, and

(0 ff(UC) > \Q-2rHr(B),

(ii)   ZSGGh'(S)<Hr(\jG) + r,.

Proof.  Choose 6, > 0 so that if M = B n {x: dist(jc, E ~ B) > 6,} ,

then

(1) Hr(M) > Hr(B)l2.

Let e = inf{10-2rff(Af), n/2}, choose 62 > 0 satisfying

(2) Z hr(S) > Hr(M) - e   for all F E X(M, 62),
seF

and let y = inf{5, 6j, 52/12}. Then choose K E \(M, y) consisting of sets

closed in M such that

(3) Z  hr(S) < H'(M) + e.
s&c

Let Kx be a finite subset of AT such that

(4) Hr(\jKx)>Hr(M)-e.

For S E Kx  denote the Steiner symmetrization of 5 with respect to

p_1 ([inf p(S) + supp(S)] 12)by p(S),and then let K2 = {p(5): Se^}. For

each TEK2 choose f(7) EKX satisfying the conditions p[Ç(T)] = Tand

diam S(T) = sup {diam S:SEKX and ß(S) = T}.

We then apply [3, 2.8.4] to obtain a disjointed subfamily G of K2 such that

(5) K2=  U  {f: TE K2, T n 5 * 0, diam f(7) < 2 diam ftS)}.
SSG

Clearly now G G X(|JC, S) since

(6) diam iiS) < diam 5   for all 5 G J^ ;

Ug C B since

(7) diam £[5 U p(S), x] < diam 5   for all 5 G Kx, x E S U p{S);

and G is a finite subset of il.

To establish (i) and (ii) and thus complete the proof of the lemma we first

let Z = {f(7): T E G}, and choose for each 5 G Z a closed ball, denoted by

\K5) such that the center of \p(S) is in 5 and
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(8) diam i//(5) = 12 diam 5.

From (7) and the fact that q\ji(S)] = q(S) for all Se^we obtain that

diam[5 U p(S)] < 2 diam 5 for all 5 E Kx, which we combine with (5) and (8) to

deduce that \JKX cUsgz^(s)' consequently

(9) {HS):SEZ]E\(\jK1,82).

From (8), Lemma 3.1, (2), (9) and (4) we then obtain

£ hr(S) = 12-'  £ hr[m] > 12-'[/f (U*,) -e]
(10) SBZ sez

> 12-r[Hr(M) - 2e] > \2-rHr(M) - e.

We next use (3), Lemma 3.1 and (2) to find

£ hr(S)<Hr(M) + e-    £    hr(S)

sez sgk~z
(11)

< Hr(M) + 2e - Hr{M~\JZ) = W(\JZ) + 2e.

From (6), (11), Lemma 3.2 and the fact that G is disjointed we then deduce

Z Ar(5) < £ hr(S) < ff (Uz) + 2e
seG sez

(12)

< £ Hr(S) + 2e = £  ff(5) + 2e = ff (U g) + 2e,
Sez seG

which yields (ii). Furthermore (i) now follows from (12), (10) and (1) since

ff (UfJ ) > £ h"(S) -2e> \2-rW(M) - 3e
sez

> 2 • io~2rar(M) > \ÏT2rW(B).

3.4. Theorem. If e > 0, 5 > 0, then there exists F E X(E, 8) such that

FC SI and 2ssFhr(S) < Hr(E) + e.

Proof. We construct a sequence G0, Gx, G2,... inductively as follows:

we let Go=0 and obtain Gm from C0,. .. , Gm_x by letting Gm = 0 if

Hr(E ~ U Jl"1 \JG¡) = 0 and otherwise applying Lemma 3.3 with B = E~

UT=o UCf, V = 2~m-1e to obtain Gm E X(ljGm, 5) satisfying \jGm C E ~

UlL'o1 UG¡, Gm is a finite subset of Í2,

(13) ff(UGj>10-2'f/ (E~]j*VG\
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(14) Z   hr(S)<Hr(UGm) + rm-1e.
secm

From (13) we deduce that

Z r/"(UCm) > [1 -(1 - 10-27']fT(£)
m = l

for all positive integers /; consequently

HrU~ IJ \jGm)=H'(E)-  Z Hr(UGm)<Hr(E)-Hr(E) = 0,
\       m = l / /n = l

which together with [3, 2.10.42] establishes that there exists K G

X(F ~ U^jUc,,,, 5) consisting of closed balls such that

(15) Z hr(S) < e/2.
seK

Finally we let F = Um=iGm U A"; note that clearly F G X(F, S) and F C Í2,

and combine (14), (15) to obtain 2seFhr(S) < ff(F) + e.

3.5. Theorem. Hk+l(E)> Hk(A).

Proof. Consider any e > 0. Let 5 > 0 be such that XSeChk(A) > Hk(A) - e

for every G E \(A, 8). By Theorem 3.4 there exists F G X(F, 8) satisfying F C

« and S SGFhk+1(S) < tfk + 1(F) + e. We observe that to complete the proof

it suffices to show that

(16) P hk\p-1(x)nS]dL1x<hk+1(S)   for all 5 G F,

since we would then have

H*(,4)-e<inf/Z hk\p-1(x)nS]:xEl\
KSEF '\S£F

< Jo Z hk\p-\x) n 5] dLlx < Z Afc+I(5) < Hk+l(E) + e.
SSF seF

To prove (16) we consider any 5 G F, let y = diam 5, and c =

[inf p(5) + sup p(5)]/2. Since 5 G Í2, it is symmetric with respect to p~x(c)

and so if (x, y) E S then (2c - x, y) G 5 also.    It follows that

diam [p_1(jc) r*S]< [y2 - 4(x - c)2 ] * '2    for all x E [c - y¡2, c + 7/2].

We then use this inequality, together with the substitutions u = 2(x - c)/y and

t = u2, the relation

rxi/2)rp + 2)/2]/r[(7c + 3)/2] =/0,r1/2(i - t)k'2dLh

between the beta and gamma functions, and the definition of a to compute
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/Ô hk \p-\x) n S)dL 'x < dk)2-k J £j£ [y2 - 4(x - c)2} k>2 dL'x

= a(*)2-V+1J0(l-«2)fc/2¿l-1«

= o(*)2-(k+1V+1J^-1/2(l-/)k/2dL1í

= o#)2-(fc+iy+1rxi/2)r[(ifc + 2)/2]/r[(ifc + 3)/2]

= o(.k + l)2-(*+,V+1 = hk+1(S).

3.6. Theorem.  If U is a Lm-measurable subset of Rm, Ve R" and

Hk(V) < °° then Hm+k(U x V) > Lm(U)Hk(V).

Proof.  We first prove the special case when m = 1 and U = 7. Using the

Borel regularity of Hausdorff measure we choose Borel sets X C R", Y C R x

R" so that VCX, Hk(V) = Hk(X),I x V C Y, Hk+1(I xV)= Hk + 1(Y). Let

Z = (7 x X) ~ Y. Then Z is a Borel set and therefore q(Z) is Hfc-measurable.

Also q(Z) CX~Vso that Hk(X) = Hk(V) implies Hk[q(Z)] = 0. This in turn

implies that ff+* [7 x q(Z)] = 0. Since ZCIxq(Z),v/e conclude that Hk+1(Z)

= 0 and therefore

Hk+1(I xV) = Hk+1(Y) > fik+1(7 x X).

From Theorem 3.5 we infer that

Hk+1(I xX)> Hk(X) = LHflff (f)

so that Hk+1(I x V) > LHrnHV)-
Using induction on m we deduce that the conclusion holds for all positive

integers m if U = P". This in turn implies that the conclusion of the theorem is

true for an arbitrary Lm-measurable subset U of Rm [3, 2.10.45].

3.7. Remark. If s, t are integers, 2 < t < s, then Theorem 3.6 provides

a simple example of a set B in Rs for which 0 < C*(B) < H*(B) < <*>, where Cf

is Carathéodory f-dimensional measure [3, 2.10.4]. To construct B first let V C

R3 be such that 0 < C2(V) < H2(V) < °° [1], [4], [5]. If U = I*'2, then

Theorem 3.6 implies

Hf(Ux V)>Lt-2(U)H2(V) = H2(V),

while by [3, 2.10.46] we have

C'(U x V) < V-2(U)e(V) = C2(V).

Hence 0< C*(U x V)< W(U xF)<». B is then obtained by isometrically

embedding U x V in R*.
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