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A HAUSDORFF MEASURE INEQUALITY
BY

LAWRENCE R. ERNST(I) AND GERALD FREILICH

ABSTRACT . We prove that the Hausdorff (m + k)-measure of a product
set is no less than the product of the Hausdorff m-measure of the (measurable)
first component set in R™ and the (finite) Hausdorff k-measure of the second
component in R".

1. Introduction. We study the relationship between the Hausdorff measure
of product sets and the Hausdorff measures of their components. It is proven in
[3, 2.10.45] thatif ¥ C R” with H*(V) < o, then there exists a real number ¢
such that H™ *¥(U x V) = cH™(W)H*(V) for every H™-measurable subset U of
R™, where H' denotes Hausdorff #-dimensional measure. (Note that in R™, H™
reduces to Lebesgue m-dimensional measure, L™.) It is known thatc = 1 if V
is k-rectifiable [3, 3.2.23], and that ¢ > 1 for some V [1], [4].

In [3, 2.10.46] the question was posed whether there exists ¥ for which
¢ < 1. In this paper we present a negative answer to that question. This general
result, Theorem 3.6, follows easily from Theorem 3.5 which is the special case
when m = 1, V is a Borel set and U = [0, 1]. The proof of Theorem 3.5 depends
on our method of obtaining the measure of the product set; specifically we apply
a Hausdorff gauge construction using coverings consisting of sets having a useful
symmetry property (Theorem 3.4).

The authors wish to thank the referee for several suggestions, particularly
the improvement of Lemma 3.2.

2. Preliminaries. In general we adopt the notation and terminology of [3].
Presented in this section is additional notation that we use.

Throughout this paper & is a nonnegative real number and 7 =k + 1,4 is
a Borel subset of R” with H¥(4) <o, I = {x: 0<x<1}and E=1 x A.

Letp: RxR" =R, ¢: R xR* —=R", p(x,y) =x,q9(x, y) =y forx €
R,y ER".

For § a subset of some metric space, ¢ a nonnegative real number let

K'(S) = ()2 *(diam S)* = [['(1/2)*/T(t/2 + 1)]27%(diam S)?

Received by the editors July 26, 1974 and, in revised form, April 1, 1975.

AMS (MOS) subject classifications (1970). Primary 28A35, 28A75.

Key words and phrases. Hausdorff measure, product set.

(l) Research supported by a grant from the City University of New York Faculty

Research Award Program. 361 Copyright ©® 1976, American Mathematical Society



362 L. R. ERNST AND GERALD FREILICH

if S # &, and A'(&) = 0. This is the gauge function used in defining H*
[3, 2.10.2]. Also let A(S, ¢) denote the family of all countable coverings of S
consisting of nonempty sets of diameter not exceeding ¢.

For S CR x R",a €R x R” define &S, @) = S N ¢~ ! {q(a)}.

Finally let © denote the family of all nonempty subsets D of E such that
diam D < oo, D is closed in E, and D is symmetric with respect to

p~ ! {[inf p(D) + sup p(D)]/2}.

3. Principal results.

3.1. LemMa. If D is H"-measurable, D CC CE, o >¢> 0,8 >0, and
Zse ph'(S) = H'(C) = € for all F € N(C, 8), then Ty, h'(S) = H'(D) — € for
all W € XD, 3).

Proor. For any €; > 0, choose K € N(C ~ D, §) satisfying Zgc  h'(S) <
H'(C~ D) +€;. Then WU K € N(C, 8) for all W€ N(D, 8). Consequently
T o> X KO- X KHE)SHD)-e-¢,.
sew SEWUK Sex
3.2. LeMMA. If S is a bounded H"-measurable subset of R x A, X € R and

o(S) is the Steiner symmetrization of S with respect to p~'(\) [3, 2.10.30], then
o(S) is H"-measurable and H'(S) = H"[o(S)].

ProoF. Let
® = {SCR x R": §is bounded, (R x 4) N S and o[(R x 4) N §]
are H"-measurable, H"[(R x 4) N S] = H'(o[(R x 4) N S])}.

The proof consists of four parts.
Part 1. If B;isan open ballin R x R” fori=1,...,j,thenU/_,B, € ®.
ProoOF. For each B, the functions sup p(¢[B;, (A, x)]) and
inf p(¢[B;, (A, x)]) are uniformly continuous for x € q(B,). It follows that if
€>0and B=(R x 4) N U/_,B,, there is a § > 0 for which D C 4 and
diam D < & implies
H[Y Aels, 0,00 ~ 0 e, O D) <e

x€D

If we take a Borel partition F of 4 such that diam D < § for all D € F, then
[3, 2.10.45] implies

IH'(B) ~ H' [o(B)] < € - () [e(k)] 20~ D/2 Hr(a).
To conclude the proof we let € approach zero.

Part 2. IfS;€9,5;CS;,, fori=1,2,...and the S, are uniformly bounded,
then U2, 5, € @.
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ProoF. For p > 1, let f, be the Lipschitzian mapping (x + \, y) €R x
R” — (ox + X, y). Then H"[f,(X)] <p"H'(X) for all X CR x R". Since

U of(R x 4) N s]c o[(R x A) N iUl s,] c fp(}Jl o[R x 4) N s,])
i=1 = =

for all p > 1, we conclude that
H'(U o[RxA4)N Si]> =Hr (0 l-fR x AN ‘lJl S‘]).
i=1 =

Furthermore, since Uj~,o[(R x 4) N §;] is H"-measurable, so is
o[(R x A) n UZ,S;]. Finally

Hr [(R xA)n U s,] = lim H'[R x 4) NS, = lim H'(o[(R x 4) N 5,])
i=1 Lad gl

= H'(FJl ol(R x 4) N SJ) = H'(c [(R «4)n U Si])’
= i=1

Part 3. If S, € ®, S; is a Borel set, §; D §;,, fori=1,2,..., then
NZ,S,€®.
Proor. Since
N o[R x A) NS}
i=1

= o[(R x A) N ﬁ si]u [{x} X q( ﬁ o[(R x 4) ﬁS,])]
i=1 i=1

we see that o[(R x 4) N N2, S,] is H'-measurable and that
H" [(R xA) NN s,] = 1;{,. H'[R x4)N S]]
i=1 o

= lgn H(e[R x4 NS]) = H'(o[(R xA)n N S,]).

i=1

Part 4. If S is a bounded H"-measurable subset of R x A4, then S € &.

PROOF. By Parts 1, 2 and 3, we see that bounded open, G- and Gy ,-sets
are in . Now we may choose bounded G; ,sets S; and S, so that S, CSC
S, and H'(S,) = H'(S) = H'(S,). Then o(S,) C o(S) C o[(R x 4) N S,] and
therefore

HI(S,) = HT[o(S,)] < H'[oS)] < H(olR x 4) N S,])
= H[(R x 4) N 5,] = H'(S,).
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It follows that H"(S) = H"[0(S)] and that o(S) is H"-measurable.
REMARK. It is easy to extend Lemma 3.2 to unbounded sets.

3.3.LEMMA. Ifn>0,6>0,B CE, H'(B)> 0and E~ B =\UQ for
some finite subset Q of Q, then there exists G € N\JG, 8) such that UG C B,
G is a finite subset of 2, and

@) H'(UG) > 1072"H"(B),

(i) Zgeoh ()< H'(UG) + 1.

Proor. Choose §; > 0 so that if M = B N {x: dist(x, E~B)>§,},

then

(1) H'M) = H'(B)/2.

Let € = inf{10"2"H"(M), 1/2} , choose §, > O satisfying

@) 2 KES)>HM) -¢ forall FENM, 5,),

SEF
and let v = inf {8, 8,, 6,/12}. Then choose K € A(M, ) consisting of sets
closed in M such that

3 2 HES) <H@ +e.
SeK

Let K, be a finite subset of K such that

) H(UK,) = HM) -e.

For § € K, denote the Steiner symmetrization of S with respect to

p~!([inf p(S) + sup p(S)]/2) by u(S), and then let K, = {u(S): S €K,}. For
each T € K, choose §(T) € K, satisfying the conditions u[{(T)] = T and

diam {(T) = sup{diam S: S €K, and u(S) = T}.
We then apply [3, 2.8.4] to obtain a disjointed subfamily G of K, such that

6) Ky= U {T:T€K,, TNS+ diam {(T) < 2 diam {(S)}.
SeG

Clearly now G € AMUJG, ) since

© diam (S) < diam S for all S €K,;
UG c B since

@) diam £[S U u(S), x] < diam S forall SEK,, x €S U i(S);

and G is a finite subset of £2.

To establish (i) and (ii) and thus complete the proof of the lemma we first
let Z= {{(T): T € G}, and choose for each S € Z a closed ball, denoted by
¥(S) such that the center of Y(S) is in S and
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® diam ¥(S) = 12 diam S.

From (7) and the fact that q [u(S)] = q(S) for all § € K, we obtain that
diam[S U u(S)] <2 diam S for all S €K, which we combine with (5) and (8) to
deduce that UK, CUge,¥(S); consequently

©) W) sezy eNUK,, s,).
From (8), Lemma 3.1, (2), (9) and (4) we then obtain
T we) =127 T wiwe)] =127 (Uk,) - €
(10) sez sez
= 1277[H'(M) - 2¢] = 1277H'(M) —e.

We next use (3), Lemma 3.1 and (2) to find
T HE)<HM+e- 2 HK(S)

sez SeK~Z

1
<HM +2-H (M~UzZ) = UZ)+ 2.

From (6), (11), Lemma 3.2 and the fact that G is disjointed we then deduce
Z o< ZrE<HUz)+2

seG sez
12)
S ZHE) +2= X H(S) +2=H(UG) + 2,
sez e
which yields (ii). Furthermore (i) now follows from (12), (10) and (1) since

H'(UG) > X W(S) - 2¢ > 1277H (M) - 3¢

N4
=2 10727H (M) = 10727 H'(B).

34. THEOREM. If€> 0,8 > 0, then there exists F € N(E, §) such that
FCQand 2y W () <H(E) +e.

ProOF. We construct a sequence G, G,, G,, . . . inductively as follows:
we let G, = & and obtain G,, from G, . .., G,,_, by letting G, =gif
H'(E ~U 75! UG) = 0 and otherwise applying Lemma 3.3 with B =E ~

o UG;, n = 27""¢ to obtain G,, € MUG,,,, 8) satisfying UG,, CE ~
UZ' UG, G,, is a finite subset of 2,

(13) #U G,) =1072ryr (E ~ 'UIUG,),
i

=0
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(14) X e <G, )+ 2™ e

seG,,
From (13) we deduce that

j .
3 #H(UG,) > [1-(1 - 1072Y]H'(E)
m=1
for all positive integers j; consequently
u’(E ” U,UGm> =H® - L H(UG,) <HE -H(E) =0,
m= m=1

which together with [3, 2.10.42] establishes that there exists K €
ME ~ Uz _,UG,,, §) consisting of closed balls such that

@s) Y K <el2
seK

Finally we let F = U:,:le U K; note that clearly F € A\(E, §) and F C Q,
and combine (14), (15) to obtain Z g h"(S) < H'(E) + €.

3.5. Tueorem. H¥t1(E) > H*(4).

ProoF. Consider any € > 0. Let § > 0 be such that Zgcsh*(4) = HK(A) —€
for every G € N(4, §). By Theorem 3.4 there exists F € M(E, §) satisfying F C
Qand T g H**H1(S) < HHI(E) + e. We observe that to complete the proof
it suffices to show that

(16) [ @ NSl <#*YS) forall SEF,

since we would then have

H4) - e <inf{ X H¥[p~'(x) N S]: xel}
EeF

<[ T @ nsldlix< T A <HE) +e.

SEF SEF

To prove (16) we consider any S € F, let v = diam S, and ¢ =
[inf p(S) + sup p(S)]/2. Since § € Q, it is symmetric with respect to p~(c)
and so if (x, y) € S then (2c — x, y) € S also. It follows that

diam[p™1(x) N S] < [y? - 4(x - 0)*]'/? forallx € [c — /2, ¢ + v/2].

We then use this inequality, together with the substitutions u = 2(x — ¢)/y and
t = u?, the relation

TC/2T[k + D2 Tk + 3)/2] = [ 121 - k12 dLt

between the beta and gamma functions, and the definition of a to compute
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c+7/2

[ | H ) N SJLix < a(k)Z"‘fc_7 ,2
=) 2R [ (1 - w2 alty

[ - 4 - 9?14/ dL'x

- a(k)z-(k“)yknf;t—l/z(l - k2 gLy

= a(k)2~*+ DY IN(1/2)P[(k + 2)/2]/T[(k + 3)/2]

=ofk + 1)2—(k+l)7k+l = hk+l(S).

3.6. THEOREM. If Uis a L™-measurable subset of R™, V c R" and
H¥(V) < oo, then H™**(U x V) = L™(WH* (V).

ProoF. We first prove the special case when m = 1 and U = I. Using the
Borel regularity of Hausdorff measure we choose Borel sets X CR", Y CR x
R" so that ¥ C X, H*() = H*(X), I x V C Y, H¥* (I x V) = H*T1(Y). Let
Z=(I x X) ~ Y. Then Z is a Borel set and therefore q(Z) is H*-measurable.
Also q(2) C X ~ V so that H¥(X) = H*(V) implies H* [¢(Z)] = 0. Thisin turn
implies that H** 1[I x q(Z)] = 0. Since Z C I x q(Z), we conclude that H**1(2)
= 0 and therefore

HE+ 17 x V) = HEFI(Y) > HR 10 x X).

From Theorem 3.5 we infer that

He* 1T x X) 2 HE(X) = LI (OHA (V)
so that H**1( x V) > L(OH*(V).

Using induction on m we deduce that the conclusion holds for all positive
integers m if U = I'™. This in turn implies that the conclusion of the theorem is
true for an arbitrary L™ -measurable subset U of R™ [3, 2.10.45].

3.7. ReEMARK. If s, ¢ are integers, 2 <t <'s, then Theorem 3.6 provides
a simple example of a set B in R for which 0 < C'(B) < H'(B) < =, where C*
is Carathéodory t-dimensional measure [3, 2.10.4]. To construct B first let V C
R3 be such that 0 < C2(V) < H2(V) < [1], [4], [S]. If U=1%"2,then
Theorem 3.6 implies

HYU x V) > L2 OHA(W) = HA(D),
while by [3, 2.10.46] we have
CH(U x M) < L=2(W)C*(») = C*(W).

Hence 0 < C'(U x V) < H'(U x V) <o, B is then obtained by isometrically
embedding U x V in R,
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